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Keywords: Statistical convergence and its ideal based generalizations have become an
Ideal, active area of summability theory since their independent introduction by Fast
Filter, and Schoenberg, with subsequent extensions to double sequences, weighted
Weighted, means, and lacunary sequences by several authors. Building on the concept of
Lacunary  [I- weighted lacunary I-statistical convergence recently introduced for single
statistical sequences, this paper extends the notion to double sequences by defining
convergence weighted lacunary IL:-statistical convergence and the associated weighted
sequences, lacunary L-summability method [R2, Bum, Yn, O:,s]2 for double sequences with
Summability. respect to an admissible ideal I. of N x N. Several inclusion relations connecting

these two convergence notions are established. It is shown that weighted
lacunary I>-summability implies weighted lacunary I»-statistical convergence in
general, with the converse holding under a boundedness condition on the
weighted double sequence. Relations between the weighted and unweighted
forms of lacunary I»-statistical convergence are also obtained, depending on
whether the weight sequences (B;) and (yx) are bounded above or below by unity.
Finally, conditions on the double lacunary ratio q.,s are used to relate weighted
lacunary I.-statistical convergence to weighted (non-lacunary) L.-statistical
convergence, showing that the two notions coincide when liminf, q,s > 1 and
when limsup:,s qrs < 0. These results generalize several known inclusion
theorems for statistical and lacunary statistical convergence of double sequences
to the weighted, ideal-based setting.
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INTRODUCTION

The concept of statistical convergence was
formally introduced by Fast (1951) and
Schoenberg (1959) independently. Although
statistical convergence was introduced over
fifty years ago, it has become an active area
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of research in recent years. It has been
applied in various areas such as summability
theory (Fridy and Orhan (1993) and Salat
(1980)), topological groups (Cakalli (1996)
and Cakalli and Das (2009)), topological
spaces (Di Maio and Kocinac (2008)), locally
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convex spaces (Maddox (1988)), measure
theory (Cheng et al. (2008)), Connor and
Swardson (1993) and Miller (1995), Fuzzy
Mathematics (Nuray and Savas (1995) and
Savas (2001). Recently, generalizations of
statistical convergence have appeared in the
study of strong summability and the structure
of ideals of bounded functions, (Connor and
Swardson (1994)). Mursaleen and Edely
(2003) extended the notion of statistical
convergence of single sequence to double
sequences. Kostyrko et al. (2000/2001)
further extended the idea of statistical
convergence to convergence using the notion
of ideals of N with many interesting
consequences. Das and Savas (2014)
introduced and studied statistical and
lacunary statistical convergence of order.
Quite recently Brono et al. (2017) introduced
the concept of statistical and lacunary
statistical convergence for double sequence
of order analogous to Das and Savas (2014).
Karakaya and Chishti (2009) introduced and
studied the concept of weighted statistical
convergence of single sequences. This
concept has been extended to double
sequences by many researchers (see Brono
and Ali (2016), Cinar and Et (2016), e.t.c.
Konca (2017) defined the concept of
weighted lacunary statistical convergence for
single sequence. In this paper we have further
extended this concept to double sequences
and examined some inclusion relations.

1. Definitions and Preliminaries

The following definitions will be needed in
the sequel.

If X is a non-empty set then a family of set
I € P(X) is called an ideal in X if and only if
(1) @ € I; (ii) for each A,B € [ we have AU
B € I; (iii) for each A€land BCc A we
have B € I.

Let X is a non-empty set. A non-empty
family of sets F € P(X) is called a filter on
X ifand only if (i) & & F; (ii) foreach A,B €
F we have AN B € F; (iii) for each A€ F
and B D Awehave B € F.

An ideal [ is called non-trivial if I # @ and
Xe&l
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A non-trivial ideal I € P(X) is called an
admissible ideal in X if and only if it contains
all singletons, i.e., if it contains {{x}: x € X}.
Throughout the paper we take I, as a
nontrivial admissible ideal in N x N.

A nontrivial ideal I, of N X N is called
strongly admissible if {x} X N and N X {x}
belong to I, for each x € N.

For further study we shall take X = N X N
and I, will denote an ideal of subsets of
N X N. The following proposition expresses
a relation between the notions of an ideal and
a filter.

Let I, € P(N x N) be a non- trivial ideal.
Then the class
F=F(I)={McNXN:M=NXxN-—

A, for some A € I} is a filter on N X N (we
shall call F =
F(I) the filter associated with I).

Let K € N X N be a two-dimensional set of
positive integers and let K(n,m) be the
numbers of (i,j) in K suchthati < nandj <
m. Then the two-dimensional analogue of
natural density can be defined as follows.
The lower asymptotic density of a set K €
N X N is defined as

Kn,m
&, (K) = liminf (n,m)
— nm

K(n’m)) has a limit in
m

In case the sequence (

Pringsheim’s sense then we say that K has a
double natural density and is defined as

. Knm) _
krrrnl = 5,(K).
For example, let K = {(i%j?):i,j€
N}.Then,
8, = lim XM < |jm YT _ ¢
nm nm nm nm

i.e., the set K has double natural density zero,
while the set K = {(i,2j):i,j € N} has
double natural density %

Note that, if we set n = m, we have a two-
dimensional natural density considered by
Christopher (1956).

Statistical analogue of double sequences x =
(xjk) was defined as follows.

Definition 2.1: (Murasaleen & Edely,
2003): A real double sequence x = (xjk) is
statistically convergent to a number / if for
each € > 0, the set
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{(j,k),j <nandk <m: |xjk - l| > s}
has double natural density zero. In this case
we write St, — li,I];n Xj, = and we denote

J

the set of all statistically convergent double
sequences by st,.

Definition 2.2(Karakaya & Chisti, 2009):
A sequence x = (xy) is said to be weighted
statistical convergent if for every € > 0,

lim Pil{k < n:Pklxk - Ll = 5}' = 0.

n-o

Definition 2.3 (Belen & Yildrim, 2012): A
double sequence (xj) is said to be
I, —statistical convergent to L if for each € >
0 and for every § > 0,

1.
{(m,n) € NXN:%H] <mk

<n |xjk — Ll = g}l = 6}
€ L,.
Definition 2.4 (Alotaibi & Cakan, 2012):

Let {B,,}and {y,,} be two sequences positive
real numbers such that

m n
b= B and =) 1
j:l k=1

Then the transformation given by

1 m n
Tun = B Z Z BiYkXjk

j=1k=1

is called the Riesz mean of double sequence
x = (x). If im Ty, (x) = L,L € R, then
the double sequence x = (xj;) is said to
Riesz convergent L. Then we write Sp —
limxj, = L.

The double sequence 0, s = (j, k) is called
double lacunary if there exist two increasing
sequences of integers such that j, = 0, h, =

ISSN: 2811-2881

Jr—Jr_q 2 as r—>o00 and kg = 0,hg =
ki—kg_q >0 as s—oo. Let j.o=
jrks hyrs = hyhg and 0, is determined by
L.s ={U, k):jrfl <Jj<jrand kg4 <

r —_ ks _
k < ks}v qr = ]]_ qs= and qrs = 9rQqs

1 ks—
Savas and Patterslon, 2005)1.
Using the notations of lacunary sequence and
Riesz mean for double sequences Konca and
Basarir (2016) have given a new definition:
Let 6,5 = (jy,ks) be a double lacunary
sequence and let (Bj), (vx) be sequences of
positive real numbers such that B; =
Yje(o,j,1Bj and Y, = X(ok,] Vk- If the Riesz
transformation of double sequence is RH-
regular (it maps every bounded P-convergent
sequence into a P-convergent sequence with
the same limit),
6, s=(B jr'yks) is a double lacunary
sequence, thatis B, = 0,0 < B; < pB;,
and H, = B; — B , > ®asr — o and
Yo=0,0<vyp,_, <vr,and Hy =y, —
Yk, = O ass — .
Let ﬁjr’s = ﬁjryksf Hr,s:HrH_s and 11,‘,5 =
{G.k):By,_, <j<Bjandy,_, <k<

_ Bir A _ Yk — 0.
yks}; Qr - 'B]'r—1’ Qs_yksi1 and Qr,s - QrQs-

If we take Bj = 1,y; = 1 forall j and k,
then H,. 5, Bj, ., Qr,sand I;. s reduce to
hr,s'jr,s' Qr,sand Ir,s

Definition 2.5 (Konca, 2017): A sequence
x = (xy)is said to be weighted lacunary

[ —statistical convergent (or (Srey(D —

convergent to L )) if for every £ > 0 and
6 >0,

1
{(T‘,S):H—l{k € I;-:Pklxk —Ll} = Sl = 6} €l
T

Definition 2.6 ((Konca, 2017): A sequence
x = (x;,) is said to be
(R,P.,0)" —summable to L, if I —
li;n wy(x) > Lie., forevery e > 0,{r €
I:|lw,(x) — L| = €} € I where w,(x) =
1/H Yker, Pxxy. In this case we write

T
(R,P.,0) —limx = L or x;, »
L((R,B.,0)).

2. MAIN RESULTS

In this section, we defined the concepts of
weighted lacunary I, —statistical
convergence of double sequence and

[R 2 B VY Hr,s]lz —summability, and
examined some inclusion relations.
Definition 3.1: A double sequence x = (i)

is said to be weighted lacunary
I, —statistically convergent
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(or S(r26,.5) (I;) — Convergent to L), for
every e > 0and § > 0,

1.
{(r, s) E:H—|{(],k) € I’r’szﬁjyk|xjk — L| > £}| > 5} € I,.
7,8
In this case, we write S(Rzﬂrs)(IZ) — Theorem 3.1: Let I, € P(NXN) be an

. _ admissible ideal, 6, ; be a double lacunary
Lim xjp = L or jy = L (S(RZ'GT»S) (12))' The sequence such that I ¢ € I} ;. Then

class of weighted lacunary I, —statistical ) I .
convergent sequences will be denoted by Xjk = L ((R »Bmpr Y Ors ) implies
S(RZ,QT'S) (12)' xjk - L (S(Rzre‘r,s (12))
Definition 3.2: A double sequence x = (xjx) Proof: Suppose x;; —
. I
is said to be (R%, Bm, ¥n, Ors) ° —summable L ((Rz,ﬁm, Yns 9r,s)12) and let K, ;(¢) =
to L, if I, —limo, .(x) = L i.e for any € > )
© 2 s rs(*) y {(],k) € I;,S:[)’jyk|xjk — L| > e} (1.D).
0, {(r, s) €l,: |0r’s(x) — L| > s} € I, where Then we have
. 1
ops(x) = 1/Hrs 2 Xj kel s BV Xjk- In this mzj',kezm Y Bivi|xj — L] =

. I 1
case we  write (Rz,ﬂm, Yo Gr's) — Iszj,keli,szf[’)jyklxjk — L| >

limxj, =L or Xji = 1
2 ety LAYl — L] =
L ((RZ, ,Bm;]/n, gr's)h)_ Hy s j,liEKr,s‘(E) J ]

g%sl{(j’ k) € Ip.s: Byvieloue — L| =

which implies

S S Bk - L|>—|{o K) € It Byl — L] = €}
r,s

J k€L s
Thus for any § > 0 we have the following
{(r, s) EN X T,S:Bjyk|xjk - L| > £}| > 6}
c Z ZB]Yklxjk Ll =>é&b .

s J k€l s
Since xj, — L ([RZ, B Y HT,S]IZ), it follows that the latter set belongs to I, and hence the result
is obtained.
Theorem 3.2: Let ,Bjyk|x]k L| <M for allj,k €I, and I, s S I} ;. If xj = L (S(Rz_ers)(lz))

then xjk - L ([Rz: ﬁm: Yn 9r s] )
Proof: Suppose that ﬁjyk|x]k L| < M for allj,k € I; and I, s € Iy 5. If xj > L (S(RZ,GTS)(IZ))
and K, s(s) be defined as in (1.1). For each & > 0 we have

U5 D, DB =1

s J k€L s s ]kEIrS
1
LS Sanbeih Y Skt
s jrkEI'r’",s s i kEIrS
JkEKy s(€) J k&K s(€)
< r,s(g)l + €.
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Consequently, we obtain

z Zﬁﬂ’k|xjk Ll =€

s JkElys
1 . , €
c1(r,s) eNX N:H—|{(/,k) € L Bivilx —L| = €}| < it
rs
Since xj, = L (S (R2,6,.5) (12)), it follows that the latter set belongs to I,, which immediately implies

H 2; :E:ﬁﬂ%|%k Ll e12

s J k€l s
This shows that xj, — L ([RZ, Lo Vo Qm]lz).
Theorem 3.3: Let Byi|xjx — L| < M for all j, k € I, and I, s S I}.5. If a double sequence x =

(xj) is S (R2,6,.5) (1) —convergent to L, then it is (R?, B, Vn, Hr,S)IZ —summable to L.
Proof: Let ﬁjyk|x]~k — L| <M for all jk€N and I.;SI; s Suppose that xj —

L ( S Rzﬂrs)(IZ))' Then we have the following, where K, (¢) is defined as in (3.1)

|oys — L] = Z Zﬁﬂ’k (xjx — L)| < H, Z Zﬁjyk (xjx — L)

s ]kEIrs s ]kEIrs
S Yt S Yanbc
Ts]keqs ]keqs

;}S:Bjyk|xjk - L| > s}| + &

If we take A(e) = {(r, s) EN X N:Hi|{j,k € I;'S:Bjyk|xjk - L| > £}| > %} then for r,s €
(A(e))€ if we take |O’r‘s — L| < 2¢. Hence {(r, s) EN X N: |O’T,S - L| > 28} c A(¢) and belongs
to I,. This shows that I, — I;I? oy = L, hence xj; = L ((Rz,,[?m,yn, HTIS)IZ).
Theorem 3.4: The following statements hold:

(1) I B, v < 1 forallj, k € I and xj, = L(Sg,, (1)) then x5 > L (S(a2, ) (12))-

(2) Let. == Hrs be bounded. If Bj,yx = 1forall j,k € I, and xj, — L (S(Rz 0, )(12)) then xj, —

L(Sers(lz))

Proof: (1) If Bj,y, < 1for allj,k € I, then H, s < h, ¢ for all r,s € I;. So, exist M; and M,
constants such that 0 < M; < % <M, <1 forall r,s €I,. Let xj, » L(SQT’S (12)) then for an

T,S

arbitrary € > 0 we have

r.si Bivielxix — L = €]

1

=0 [{B),_, <J < Bj,andyi,_, <v < vi: Bivie|xix — L| = €}|
.8

< Mihys [{B),_, <J < Bjand yi,_, <v < vi;: Biviexix — L| = €}

1 1
=3, o B <T S Brand v, <v < vie e — L 2 €]
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i G0 € Lt e — L] 2 €]

Tlhus, for a given § > 0, (2) Let % be upper bounded, so there exist
ml{(/: k) € Ir.: Bvilwn — L] = e}] = M; and rl'ljlz constants such that 1 < M; <
5> i|{(;,k)e1m:ﬁjyk|xjk—L|z %SMZ<00forallr,sEN.Ifﬁj,yk21
e}| = M,6. for all j,k €N then dividing both side of
Hence, H.s=h,s £ by h, ¢ gives ? =1 so the
{(7": s) ENXN: i {G. k) € lower bound M,;> 1 may inderésd be taken in

' the bound above which justifies the lower
I.s: Bivi|xe — L| = e}| = 6} c {(T' 5) € bound assumed in the proof. If 8}, ¥ = 1 for
N X N:tl{(j' k) € I.g: Bivie|x — L| = all j,k € N, then we have H, ¢ > h, ¢ or all

r,s € N. Assume that x = (x;; ) converges to
e}| = M15}- Since xjx — L(Se,,(I2)), The the limit Lin (S(ge, )(I2))then for an
set on the right hand side belongs to I, and arbitrary £ > 0 we have
so it follows that xj; — L (S(Rzﬁr,s) (12)).

1 1

hr.s hr,s

|1 <J <Jrksoy <k < kgt |, — L] = }|[{U, k) € I gt |xj — L| = €}

My .. .
T [Ur-1 <Bj_, <i<Jjr <Bj ks1 <¥i,_, <k <ks
s

1
< yks:ﬂjyk|xjk — L| > £]| = MZH—|{(j, k) e I;,S:ﬁ’jyk|xjk — L| > s}|
r,S
Thus, for a given § > 0,
%'S“(], k) (S Ir,s:ﬁjyk|xjk — Ll > S}l >0 > %'Sl{(],k) (S I;,S:Bj)/klxjk — L| > E}l > Mi

2
Hence

1
{(r,s) €N Ni [{G ) € Iyt — 1] 2 )| = 5}
r,S

! |{(jk)el’ | —L|> }|>—5}
, Ll =&l = .
H, ¢ st 17k M,

Since xj, - L (S(Rzﬂr,s) (12)). Since xjj, — L(Sgr's (12)), The set on the right-hand side belongs to

c{(r,s) € N X N:

I and so it follows that x;, — L (5(9”) (12)).
Theorem 3.5: For any double lacunary sequence if lim Q,. ¢ > 1 and xj; — L(Sg2(13)), then xj; —
7,8

L (S(Rz,er_s) (12))-
Proof: Suppose that lim Q,. ; > 1. Then there exists a @ > 0 such that @, ¢ = 1 + «a for sufficiently
r,s

large values r and s which implies that frs > (

]"rYkS

a
1+a

2
). Let x = () € Sga(ly) with Sg2 (1) —

lim xj = L, then for every € > 0 and for sufficiently large r and s we have
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1.
5 U < Bjo ke < vi: Bjvieloe — L] = e}
Jr Vs
1
= =B, <J < BjpVieey <k < Vieg Byvilxn — L] = €}
ﬁ%TYkS
=== {B),_, <J < Bjp Vi <k < Vie: Biviel i — L| = el
ﬁ%TYkS
a \2( 1 . 1 .
> (1) fm o € gapmdo - 1= i} ol
€ 1;_5:,8]-yk|x]-k — L| > £}| >6 = . |{] <Bj. k< )/ks:ﬁjyk|xjk - L| = £}|
JrfKs
a N2
> (3 T ~) 6.
Hence
1
{(r, s) € N x N: o U, k) € I.s: Bivic|xjx — L| = €}| = 6}
7,8
c{(r,s) € N X N:— [/ < Bj.. k < vi:Bive|xj — L] = €}
JrfKs
a 2
= (1 + a) 0
Since xj, = L(Sgz2(I3)), the set on the right-hand side belongs to I, and so it follows that x;, —
L (S(RZ,GT_S) (12))-
Theorem 3.6: Let 0, ;=(j;, ks) be a double lacunary sequence with lim sup Q. ; < o and

r,s

Xji = L (S(Rz_em) (12)) then xj, > L(Sg2(12)).
Proof: If lim sup Q, ¢ < oo, then there is a K > 0 such that Q,.; < K forallr,s. Let
7,

Xj = L (S(Rz_em) (12)) and N, s = |{(, k) € I}.s: Bjvie|xjie — L| = €} (1.2)
By (1.2), given & > O there are 7,5 > 19, So. Now, let M = max{N, ;1 <r <rgand 1 < s < 50}
and let m and n be any integers satisfying j,._; <m < j, and k,_; < n < kg, then we can write

L |{j <Bnandk < Yai Bivielxie — L] = €}] < Mo 4 ¢K. So, for a given § > 0
Bm¥n Bjr_1Vks_1
1.
{(m,n) € N x N: [{j < Bm and k < yy: Bjvic|xjx — L| = €}| = 5}
Bm¥n
Mrysg
ci(rs) ENXNi———+¢cK >6¢.
Bjr1Vies s
Since 6,5 is a double lacunary sequence, to I, for every § > 0. This means precisely
Bi_ Vi, , = ©asT,s = 0,50 ‘Mroso 5 that x;, converges to L in Sg2 of (I). Which
Bir-1Vks—1 completes the proof.
€K as r,s — oo. Hence for the given § > 0, CONCLUSION
011}43; fmltely many pairs (r,s) can satisfy This paper introduced weighted lacunary 1,12
7 ‘)’/k" + €K = 6, so, the set on the right- -statistical ~ convergence  for  double
Jr—1/Ks-1

sequences, together with the associated

hand side ab is finit d theref
and sice above 18 e an ere’ole weighted lacunary I,12-summability method

belongs to the admissible ideal I, since I, is

I

hereditary, the set on the left-hand side, [R 2, B Yo 9r,s] *[R2,Bm,yn,0r,s]12,

{(m,n) € N X N: LI 8}, also belongs extending to double sequences the notion of
Bm¥n weighted lacunary II-statistical convergence
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previously studied for single sequences by
Konca (2017).
Weighted lacunary I,I12-summability of a
double sequence was shown to imply its
weighted lacunary [,12-statistical
convergence to the same limit (Theorem 3.1);
the converse holds when the weighted double
sequence Bk | xji — L IBjykIxjk—LI is
bounded (Theorems 3.2 and 3.3). Between
the weighted and unweighted forms of
lacunary  [,I2-statistical ~ convergence,
ordinary lacunary I,12-statistical
convergence implies its weighted counterpart
when the weight sequences (ﬁj)(Bj) and
(Yx)(yk) are bounded above by unity, while
the reverse implication holds when the
weights are bounded below by unity and the
ratio H, ¢/h,. ;Hr,s/hr,s is bounded (Theorem
3.4). Weighted lacunary [,12-statistical
convergence and weighted (non-lacunary)
[,12-statistical convergence coincide
whenever liminf, ¢Q, ¢ > 1liminfr,sQr,s>1
(Theorem  3.5) or limsup,Q,s <
oolimsupr,sQr,s<co (Theorem 3.6).
These results recover the corresponding
single-sequence results of Konca (2017) as a
special case and extend the classical
statistical and  lacunary statistical
convergence theory for double sequences to
the weighted, ideal-based setting. Natural
extensions of this work include weighted
lacunary I,12-statistical convergence of order
aa, weighted lacunary [,I2-statistical
Cauchy sequences, and Korovkin-type
approximation theorems in this setting.
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   1    𝛽    j  r   𝛾    k  s  |  { j ≤   𝛽    j  r , k   ≤ 𝛾    k  s :   𝛽  j   𝛾  k  |   x  j k − L | ≥ 𝜀 } | ≥  1    𝛽    j  r   𝛾    k  s  |  {   𝛽    j  r − 1 < j ≤   𝛽    j  r ,   𝛾    k  s − 1 < k   ≤ 𝛾    k  s :   𝛽  j   𝛾  k  |   x  j k − L | ≥ 𝜀 } | =     H  r , s    𝛽    j  r   𝛾    k  s  |  {   𝛽    j  r − 1 < j ≤   𝛽    j  r ,   𝛾    k  s − 1 < k   ≤ 𝛾    k  s :   𝛽  j   𝛾  k  |   x  j k − L | ≥ 𝜀 } | ≥    (   𝛼  1 + 𝛼 ) 2  {  1    H  r , s  |  { ( j , k ) ∈   I  r , s ′ :   𝛽  j   𝛾  k  |   x  j k − L | ≥ 𝜀 } | } .  1    H  r , s  |  { ( j , k ) ∈   I  r , s ′ :   𝛽  j   𝛾  k  |   x  j k − L | ≥ 𝜀 } | ≥ 𝛿   ⇒  1    𝛽    j  r   𝛾    k  s  |  { j ≤   𝛽    j  r , k ≤   𝛾    k  s :   𝛽  j   𝛾  k  |   x  j k − L | ≥ 𝜀 } | ≥    (   𝛼  1 + 𝛼 ) 2 𝛿 .


   {  ( r , s ) ∈ ℕ × ℕ :  1    H  r , s  |  { ( j , k ) ∈   I  r , s ′ :   𝛽  j   𝛾  k  |   x  j k − L | ≥ 𝜀 } | ≥ 𝛿 } ⊂  {  ( r , s ) ∈ ℕ × ℕ :  1    𝛽    j  r   𝛾    k  s  |  { j ≤   𝛽    j  r , k ≤   𝛾    k  s :   𝛽  j   𝛾  k  |   x  j k − L | ≥ 𝜀 } | ≥    (   𝛼  1 + 𝛼 ) 2 𝛿 } .


    x  j k → L  (   S    R 2 (   I 2 ) ) ,


    I 2


    x  j k → L  (   S  (   R 2 ,   𝜃  r , s ) (   I 2 ) ) .


    𝜃  r , s


   (   j  r ,   k  s )


  lim ⁡    sup  r , s ⁡    Q  r , s < ∞


    x  j k → L  (   S   (   R 2 ,   𝜃  r , s )  (   I 2 ) )


    x  j k → L  (   S    R 2  (   I 2 ) ) .


  lim ⁡    sup  r , s ⁡    Q  r , s < ∞


    K > 0


    Q  r , s ≤ K


    r , s .


    x  j k → L  (   S   (   R 2 ,   𝜃  r , s )  (   I 2 ) )


    N  r , s =  |  {  ( j , k ) ∈   I  r , s ′ :   𝛽  j   𝛾  k  |   x  j k − L | ≥ 𝜀 } |                             ( 1 . 2 )


  𝜀 > 0


    r , s > r 0 ,   s 0 .


  M = m a x  {   N  r , s : 1 ≤ r ≤   r 0   a n d   1 ≤ s ≤   s 0 }


  m   a n d   n  


    j  r − 1 < m ≤   j  r


    k  s − 1 < n ≤   k  s ,


   1    𝛽  m   𝛾  n  |  { j ≤   𝛽  m   a n d   k ≤   𝛾  n :   𝛽  j   𝛾  k  |   x  j k − L | ≥ 𝜀 } | ≤   M   r 0   s 0    𝛽    j  r − 1   𝛾    k  s − 1 + 𝜀 K .


  𝛿 > 0


   {  ( m , n ) ∈ ℕ × ℕ :  1    𝛽  m   𝛾  n  |  { j ≤   𝛽  m   a n d   k ≤   𝛾  n :   𝛽  j   𝛾  k  |   x  j k − L | ≥ 𝜀 } | ≥ 𝛿 } ⊂  {  ( r , s ) ∈ ℕ × ℕ :   M   r 0   s 0    𝛽    j  r − 1   𝛾    k  s − 1 + 𝜀 K ≥ 𝛿 } .


    𝜃  r , s


    𝛽    j  r − 1   𝛾    k  s − 1


  → ∞


  r , s → ∞ ,


    M   r 0   s 0    𝛽    j  r − 1   𝛾    k  s − 1


  →   𝜀 K


  r , s → ∞ .


  𝛿 > 0 ,


  ( r , s )


    M   r 0   s 0    𝛽    j  r − 1   𝛾    k  s − 1 +   𝜀 K ≥ 𝛿 ,
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  { ( m , n ) ∈   ℕ × ℕ :  1    𝛽  m   𝛾  n   ≥ 𝛿 }


    I 2


  𝛿 > 0 .
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     [    R 2 ,    𝛽  m ,    𝛾  n ,    𝜃  r , s ]    I 2
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    𝛽  j   𝛾  k ∣   x  j k − L ∣
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    H  r , s /  h  r , s
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    lim   inf  r , s   Q  r , s > 1


    lim   sup  r , s   Q  r , s < ∞
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